An upgraded analysis of ǫ, x d and ǫ ′ /ǫ, using the latest determinations of the relevant experimental and theoretical parameters, is presented. Using the recent determination of the top quark mass, m t = (174 ± 17) GeV, our best estimate is ǫ ′ /ǫ = 3.1 ± 2.5, which lies in the range given by E731. We describe our determination of ǫ ′ /ǫ and make a comparison with other similar studies. A detailed discussion of the matching of the full theory to the effective Hamiltonian, written in terms of lattice operators, is also given.
Introduction
The understanding of mixing and CP violation in hadronic systems constitutes one of the crucial tests of the Standard Model. In the last few years considerable theoretical and experimental effort has been invested in this sector.
On the experimental side, more accurate measurements of the mixing angles are now available and the mass of the top quark, recently discovered, is constrained within tight limits [1] . Still, in spite of very accurate measurements, the experimental results for the CP violating parameter ǫ ′ /ǫ are far from conclusive [2, 3] .
On the theoretical side, the complete next-to-leading expressions of the relevant effective ∆S = 1, ∆S = 2, ∆B = 1 and ∆B = 2 Hamiltonians have been computed [4] - [8] , thus reducing the theoretical uncertainties 1 . Moreover, there is now increasing theoretical evidence that the value of the pseudoscalar B-meson decay constant is large, f B ∼ 200 MeV, and that the B 0 -B 0 mixing parameter B B is quite close to one. Still, the evaluation of other hadronic matrix elements is subject to large uncertainties, which are particularly severe for ǫ ′ /ǫ, where important cancellations of different contributions occur, for large values of the top mass. A real improvement in the calculation of the hadronic matrix elements, from lattice simulations, or with other non-perturbative techniques, is still missing. In spite of this, we believe that, given the experimental and theoretical novelties, it is time to present an upgraded analysis of mixing and CP violation for K-and B-mesons, along the lines followed in refs. [10, 11] . We will also have the opportunity of presenting our results for the Wilson coefficients of the operators appearing in the ∆S = 1 Hamiltonian in different regularization/renormalization schemes, which may be useful for further phenomenological analyses by other authors. We also intend to present and clarify several issues related to the matching conditions of effective Hamiltonians to the full theory, to the use of the lattice regularization, to the value of the mass of the strange quark and to quark thresholds in the evolution of the Wilson coefficients. Particular emphasis is devoted to a realistic evaluation of the uncertainties in our predictions.
1
The results given here contain several improvements with respect to our previous work on the same subject [11] . The main differences are the following:
• Upgraded values of the experimental parameters entering in the phenomenological analysis, such as the B-meson lifetime τ B , the B mixing parameter x d , the CKM matrix elements, (|V cb |, |V ub |/|V cb |), etc., have been used.
• The value of the strange quark mass m s has been taken from lattice calculations, thus making a more consistent use of lattice results for the B-parameters of the relevant penguin operators [12] .
• The relevant formulae, necessary to express the effective Hamiltonian, derived in the full theory, are given in terms of lattice operators.
• Assumptions and relations which have been used to evaluate the Bparameters of the operators entering the calculation, in particular those that have not been computed either on the lattice, or with other nonperturbative techniques, are critically reviewed.
• Uncertainties, coming from the matching between lattice and continuum operators, are discussed, together with those due to the choice of the renormalization scale, Λ QCD , the mass of the top quark, etc. We also discuss different determinations of ǫ ′ /ǫ originating from the choice of different continuum regularization schemes.
• All the results are presented with an estimate of the corresponding errors. These errors come from the limited precision of the measured quantities, e.g. τ B , and from theoretical uncertainties, e.g. the value of hadronic matrix elements.
The phenomenological results of this study have been partially reported elsewhere [13, 14] . In this paper we put particular emphasis on some theoretical aspects and subtleties related to the construction of the effective Hamiltonian. The reader will also find a practical tool to combine the Wilson coefficients with his own preferred results for the operator matrix elements, sections 4-6.
The plan of the paper is the following. We summarize in section 2 the main results obtained from a combined analysis of ǫ, x d and ǫ ′ /ǫ together with our estimate of the errors. All the details of the analysis will be given after this section. In section 3, we give the relevant formulae of the effective Hamiltonians, which control ǫ, B 0 -B 0 transitions and ǫ ′ /ǫ, and define the relevant operators. In section 4, a summary of the calculation of the Wilson coefficients of the operators, at the next-to-leading order, is given. The matching of the continuum theory with the lattice is addressed in section 5. The formulae presented in this section have been used to derive the relation between the mass of the quarks on the lattice and in the continuum. In section 6 we give details on the Regularization Independent (RI) renormalization prescription, together with the numerical values of the Wilson coefficients in different renormalization schemes. In section 7, the values and errors of the B-parameters, used in this analysis, are given and compared with those used in ref. [15] . A discussion of the assumptions and relations among the B-parameters is also presented in the same section. The main uncertainties of the phenomenological analysis are reviewed in sec. 8.
Results
In this section, the main results of the present study are summarized. These results have been obtained by varying the experimental quantities, e.g. the value of the top mass m t , τ B , etc., and the theoretical parameters, e.g. the kaon B-parameter B K or the strange quark mass m M S s (µ), according to their errors. Values and errors of the input quantities, used in the following, are reported in tables 1-3. For the experimental quantities, we assume a Gaussian distribution and, for the theoretical ones, a flat distribution (with a width of 2 σ). The only exception is m M S s (µ), taken from quenched lattice QCD calculations, for which we have assumed a Gaussian distribution, according to the results of ref. [12] .
Each theoretical prediction (cos δ, sin 2β, ǫ ′ /ǫ, etc.), depends on several input parameters, which fluctuate independently. In many cases, this produces a pseudo-Gaussian distribution of values, see for example ǫ ′ /ǫ in fig.  1 . From the width of the pseudo-Gaussian, we estimate the errors of our predictions. Non-Gaussian distributions may also occur, for example when a Parameters
0.25 ± 0.10 Table 1 : Values and errors of the parameters used in the numerical analysis.
single input parameter dominates the result. In these cases, we still estimate the error from the variance of the distribution.
Using the numbers given in the tables and the formulae given in the forthcoming section, we have obtained the following results:
a) The comparison of the experimental value of ǫ with its theoretical prediction will in general correspond to two possible solutions for the value of cos δ, see for example ref. [10] . Because of the errors of the input parameters, the two solutions appear as a distribution of values, with a twin-peak shape. The distribution for cos δ is given in fig. 1 . As already noticed in refs. [10, 11] and [16, 17] , a large value of f B , combined with a large m t , favours cos δ > 0. When the condition 160 MeV ≤ f B B 1/2 B ≤ 240 MeV is imposed (f B -cut), most of the negative solutions disappear, giving the dashed histogram of fig.  1 , from which we estimate cos δ = 0.47 ± 0.32 .
b) cos δ is correlated to the values of the Wolfenstein parameters ρ and η. In fig. 2 , the contour plot in the ρ-η plane is given, with and without the f B -cut.
ReA 0 2.7 × 10 −7 GeV ω 0.045 µ 2 GeV Table 2 : Constants used in the numerical analysis.
0.75 ± 0.15 0.62 ± 0.10 0 − 0.15 Table 3 : Values of the B-parameters, for operators renormalized at the scale µ = 2 GeV. The only exception is B K , which is the renormalization groupinvariant B-parameter, defined in ref. [18] ; B 3/2 9 (µ) has been taken equal to B K (µ), at any renormalization scale µ. In the table, we give B 3/2 9 (µ = 2 GeV). Entries with a ( * ) are educated guesses; the others are taken from lattice QCD calculations [19] - [32] . See section 7 for more details. Contour plots in the ρ-η plane. The solid, dashed and dotted contours contain 5%, 68% and 95% of the generated events respectively. The contours are given by excluding or including the f B -cut. Similar results can be found in refs. [16, 17] .
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c) The value of sin 2β depends on cos δ
The distribution of sin 2β is shown in fig. 1 , without (solid) and with (dashed) the f B -cut. When the f B -cut is imposed, one gets larger values of sin 2β [10] . From the dashed distribution, we obtain sin 2β = 0.65 ± 0.12 .
d) In fig. 3 , several pieces of information on ǫ ′ /ǫ are provided. Lego-plots of the distribution of the generated events in the ǫ ′ /ǫ-cos δ plane are shown, without and with the f B -cut. At the same time, the corresponding contour plots are displayed. One notices a very mild dependence of ǫ ′ /ǫ on cos δ. As a consequence, one obtains approximately the same prediction in the two cases (see also fig. 1 ). In the HV scheme [33] the results are
and
whereas in the NDR scheme they become
Our best estimate, reported in the abstract, has been obtained by averaging the results given in eqs. (5) and (7) and by adding a systematic error, due to the difference of the central values in the two schemes, to the final result
e) In view of the rapid evolution of the experimental determination of the value of the top mass, expected in the near future, we also give ǫ ′ /ǫ as a function of m t , in fig. 4 .
By comparing the present results to the analysis of ref. [11] , one may notice the following: The zones delimited by the solid and dashed curves represent the allowed regions containing respectively 68% and 95% of the generated events. The region between the two double lines is the experimental result coming from E731 [3] ,
is not given in the figure.
1. The latest values of |V ub /V cb | and |V cb | are sensibly lower than the previous ones. Consequently, the separation of the positive-negative cos δ solutions takes place at larger values of m t .
The actual results for ǫ ′ /ǫ, however, are not very different from those given in ref. [11] , because we are now using a smaller value of the strange quark mass taken from lattice QCD [12] , and not from QCD sum rules [34] - [39] , as we did before. One has new reasons to doubt of those QCD sum rule determinations, which have been found to be affected by large higher order [40] or instanton effects [41] . It is reassuring that the recent QCD sum rule calculation of ref. [42] , apparently free of uncontrolled non-perturbative effects, agrees with the lattice calculation of ref. [12] .
3. In spite of several differences, the bulk of our results overlaps with those of ref. [15] . It is encouraging that theoretical predictions, obtained by using different approaches to evaluate the operator matrix elements, are in good agreement.
4. On the basis of the latest analyses, it seems very difficult that ǫ ′ /ǫ is larger than 10 × 10 −4 . Theoretically, this may happen by taking the matrix elements of the dominant operators, Q 6 and Q 8 (see below) very different from usually assumed. One possibility, discussed in ref. [15] , is to take the corresponding B-parameters to be B 6 ∼ 2 and B 8 ∼ 1, instead of the values B 6 ∼ B 8 ∼ 1, adopted here and in refs. [10, 11, 15] . To our knowledge, no coherent theoretical approach has found B 6 so large, and we see no reason to use B 6 = 2. 1) The effective Hamiltonian governing the ∆S = 2 amplitude is given by
where G F is the Fermi coupling constant and γ µ L = γ µ (1−γ 5 ) ; λ q 's are related to the CKM matrix elements by λ q = V qi V ⋆ qf , where 'i' and 'f ' are the labels of the initial and final states respectively (in the present case i = s and f = d);
Here, ∆M K is the mass difference between the two neutral kaon mass eigenstates. In eq. (10), ρ = σ cos δ, η = σ sin δ and λ, A, ρ and η are the parameters of the CKM matrix in the Wolfenstein parametrization [45] ; B K is the renormalization group-invariant B-factor, to be discussed in sec. 7; B K takes into account all the possible deviations from the vacuum insertion approximation in the evaluation of the matrix element
(B K = 1 corresponding to the vacuum insertion approximation).
2) The ∆B = 2 effective Hamiltonian is given by
from which one finds
where B B is the renormalization-invariant B-parameter, relevant for B-B mixing.
3) The ∆S = 1 effective Hamiltonian above the charm threshold is given by
where
and similarly λ c and λ t ; τ = −λ t /λ u and µ is the renormalization scale of the operators Q i . A convenient basis of operators [46] - [49] , when QCD and QED corrections are taken into account, is
where the subscript (V ± A) indicates the chiral structure and α and β are colour indices. The sum over the quarks q runs over the active flavours at the scale µ.
From H |∆S=1| ef f we can derive the expression for ǫ
where (Im A 2 ) ′ and Im A 0 are given by
ω = Re A 2 /Re A 0 = 0.045 and we have introduced (Im A 2 ) ′ defined as
Ω IB = 0.25 ± 0.10 represents the isospin breaking contribution, see for example ref. [50] . With the subtle cancellations, occurring for a large top mass, m t ∼ 175 GeV, a precise knowledge of the value of Ω IB becomes important. For example, by taking Ω IB = 0, one gets ǫ
In view of this, further efforts should be devoted to improve the accuracy of the theoretical predictions for isospin-breaking effects.
The numerical evaluation of ǫ ′ /ǫ requires the knowledge of the Wilson coefficients of the operators and of the corresponding matrix elements. The Wilson coefficients have been evaluated at the next-to-leading order, using the anomalous dimension matrices given in refs. [4] - [8] , and the initial conditions computed in refs. [51, 52] (and given for HV and NDR in refs. [6] - [8] ). The matrix elements of the operators have been written in terms of the three quantities (see eqs. (17) and (18))
and a set {B i } of B-parameters (in our normalization f π = 132 MeV). The numerical value of the B-parameters have been taken from lattice calculations [19] - [32] and multiplied by suitable renormalization factors to take into account the difference between HV (NDR) and the lattice regularization scheme. For those B-factors that have not been computed yet on the lattice we have used an educated guess, which will be discussed in detail in the following. We observe that, in eqs. (17) and (18), only nine coefficients (Bparameters) appear since we have used the relation Q 10 = −Q 3 + Q 4 + Q 9 , which is valid below the bottom threshold.
14 This section is devoted to the Wilson coefficients of the operators appearing in the effective ∆S = 1 Hamiltonian, which we have computed at the nextto-leading order, including QCD and QED corrections. We do not discuss the determination of the coefficients of the operators relevant for ǫ, since this point was explained in great detail in ref. [10] .
The effective Hamiltonian is defined by the Wilson Operator Product Expansion (OPE) of the T -product of two weak currents:
The Wilson coefficients
and O(α s ), the current-current and penguin diagrams computed with the W and top propagators to those computed with the local four-fermion operators in the effective theory. The C(µ) are expressed in terms of C(M W ) through the renormalization evolution matrixŴ [µ,
withM
At the next-to-leading accuracy,Ŵ [µ, M W ] is regularization scheme dependent.
We now give the basic information necessary to compute the matrices defined in eqs. (25), (26) and (27) .
The matricesP ,Ĵ andK are solutions of the equationŝ
The anomalous dimension matrix, which includes gluon and photon corrections, can be written aŝ
where each of theγ
is a 10 × 10 matrix. In eqs. (28)- (31), β 0 and β 1 are the first two coefficients of the β-function of α s . At the leading order, the QCD anomalous dimension matrix, including QCD penguins, has been computed in refs. [46, 47] . The electroweak anomalous dimension matrix at the same order can be found in refs. [48] , [49] and [52] . Two groups have computed the anomalous dimension matrix at the next-to-leading order, by calculating all the current-current and penguin operators at two loops up to order α 2 s t and α e α s t [6]- [8] . All the details of the computation can be found in these references. Here we only give the numerical results for the Wilson coefficients in three different regularization/renormalization schemes, which are commonly used in the literature, namely HV , NDR and RI:
1. HV denotes the MS renormalization prescription in dimensional regularization, with γ 5 defined according to the 't Hooft and Veltman prescription [33] ;
2. NDR is the MS scheme in Naïve Dimensional Regularization, with anticommuting γ 5 ;
3. The RI (Regularization Independent) scheme requires a few words of explanation. In its simplest realization, one fixes the renormalization conditions of a certain operator, by imposing that suitable Green functions, computed between external off-shell quark and gluon states, in a fixed gauge, coincide with their tree level value. For example, if we consider the generic two-quark operator O Γ =ψΓψ, we may impose the condition
where Γ is one of the Dirac matrices and p|O Γ |p 0 is the tree level matrix element. The extension to more complicated cases, including four-fermion operators and operator mixing, is straightforward and will be discussed in detail in sec. 6. The RI procedure defines the same renormalized operators, i.e. the same coefficients, in all regularization schemes (HV , NDR, Pauli-Villars, lattice), provided they are expressed in terms of the same renormalized strong coupling constant. However, the coefficient functions now depend on the external states and on the gauge used to impose the renormalization conditions 3 . Thus the external states and the gauge must be specified. To make contact with the non-perturbative method proposed in ref. [53] , we will use the Landau gauge. The external states will be different for different operators, and will be given in sec. 6.
The RI scheme is particularly convenient for matching the coefficients of the operators to the corresponding matrix elements computed in lattice simulations, as extensively discussed in ref. [53] . The details of the implementation of this renormalization scheme will be given in sec. 6, where we also present the relations between the renormalized operators and coefficients computed with the RI scheme and with the usual MS prescriptions.
The effective Hamiltonian written in terms of lattice operators
Hadronic matrix elements from lattice QCD have been widely used to predict several quantities of phenomenological interest in weak decays, deep inelastic scattering and heavy flavour physics. In this section we discuss the renormalization properties of lattice operators and clarify some issues related to the construction of physical amplitudes starting from the matrix elements computed on the lattice. For definiteness and simplicity, we will refer to two-fermion operators and to the four-fermion ∆I = 3/2 operator Q + , which renormalize multiplicatively in the continuum 4 . The relations derived below are, however, valid in the general case. These relations have been used to compute the strange and charm quark masses in ref. [12] .
Let us consider first the renormalization of the generic two-quark operator ψΓψ, where Γ is one of the Dirac matrices. At the next-to-leading order (NLO), the generic, forward, two-point Green function, computed between quark states of virtuality p 2 = µ 2 , has the form
where the dots represent terms beyond the next-to-leading order and terms of O(a), which we will assume negligible in the following; Γ 0 is the zerothorder Green function, and g 2 L (a) = 6/β is the bare lattice coupling constant; γ (0) andγ (1) are the leading (regularization-independent) and nextto-leading (regularization-dependent) order anomalous dimensions, respectively; λ = λ(a) is the lattice gauge parameter of the gluon propagator 4 Q + is related, via a chiral transformation, to the ∆S = 2 operator of the effective Hamiltonian, introduced in eq. (9) . We have chosen to discuss Q + to avoid the complications present in the calculation of the effective ∆S = 2 Hamiltonian, due to the matching conditions in the presence of a heavy top quark. 5 We work on an Euclidean lattice.
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Π µν (q 2 ) = −δ µν + (1 − λ)q µ q ν /q 2 . It obeys the renormalization group equation
We have introduced a scale-dependent gauge parameter in order to define a gauge-independent anomalous dimension and simplify the renormalization group equation for Γ(µa), see eq. (38) below.
The lattice coupling constant obeys the equation
where β 0,1 are given by
and n f is the number of flavours. Equation (34) guarantees that all the matrix elements can be made finite (as a → 0) by multiplying the bare operator by a suitable renormalization constant, obtained by fixing the renormalization conditions for O Γ .
From the above equations, we find
In view of the comparison with some continuum regularization, it is convenient to expand the bare Green function Γ(µa) of eq. (34) in terms of the continuum minimal subtraction (MS) coupling constant, evaluated at the scale π/a. The continuum MS coupling α s (π/a) is related to the lattice bare coupling α
where ∆ is a numerical constant. With this substitution, eq. (38) becomes
By changing the expansion parameter, one also has to change the two-loop anomalous dimension [4] - [8] , see also eq. (34)
Finally, the running coupling constant α s is given by
The above equation defines the continuum MS scale parameter Λ QCD at the NLO.
In the case of the ∆I = 3/2 lattice operator, the coefficient C L and the anomalous dimension γ (1) L become a vector due to the mixing of the bare operator with operators of different chirality, induced by the Wilson term present in the lattice action [25, 26, 54] . Operators of different chirality correspond, in the language of refs. [4] - [8] , to the so-called "effervescent" operators. Denoting by Γ 
20 with λ∂C L i /∂λ ∼ δ i,1 . In the continuum, if we do not remove the W propagator and expand the four-fermion amplitude in powers of α s (M W ), we do not need to introduce any regularization. In other words, the only divergences appearing in the four-fermion amplitude are those due to the renormalization of α s . Since the W -propagator acts as an ultraviolet cut-off for the divergences of the Green function, we will use in the following the name M W -regularization, as much as we use the names dimensional or lattice regularization. We thus can write
where λ = λ(M W ). Γ(µ/M W ) obeys the renormalization group equation
By solving the renormalization group equation for Γ(µ/M W ), one finds
. A similar solution is found for Γ(µa), where we encounter the complication due to the mixing with the effervescent operators
The comparison of eqs. (52) and (53) allows us to write the effective Hamiltonian in terms of the lattice bare operators
Another convenient expression for C i (M W a) is given by
Equation (56) has been obtained using the universality of the combination
Equation (55) is interpreted as follows: the continuum operator, defined in the M W -regularization is matched into the lattice operator at the M W scale through the factor 1 + α
and then evolved, according to eq. (41), from the scale M W down to π/a [6]- [8] . On the other hand, eq. (56) is understood in the standard lattice language as follows: the lattice operator, is matched into the continuum operator at the scale π/a through the factor 1 + α s (π/a)/4π C C − C L and then evolved in the continuum, according to eq. (48), from the scale π/a up to M W [25, 26] . Equations (55) and (56) apply with trivial changes to two-quark operators that renormalize multiplicatively on the lattice, or to operators that mix under renormalization also in the continuum. A few comments may be useful at this point:
• The continuum, two-loop anomalous dimension in the M W -regularization γ (1) can be obtained from the calculation done in the NDR, HV or DRED regularizations [4] - [8] , which we denote as γ
• In eq. (56), the coefficients C L i can be eliminated by defining a new lattice operator
This is equivalent to the regularization-independent definition of the renormalized operators discussed in refs. [4] - [8] and in sec. 6. This definition is such that Γ(µ = π/a) = Γ 1 0 7 . We stress again that this procedure requires the knowledge of the external states for which we have computed C L and it is in general gauge-dependent.
• We have decided to expand the lattice Green function in α s (π/a). However, we have the freedom to expand in α s (1/a) or any other scale we 7 This is not in contrast with the condition p 2 ≪ (π/a) 2 that we have to impose in order to avoid discretization errors. The renormalization condition is simply a consequence of eq. (34), which is derived by expanding the Green function in α s (π/a), instead of g
like, since the change will be completely compensated at the NLO 8 .
• From eq. (56) it is possible to give the expression of the operator from which we can immediately derive the renormalization group-invariant B K parameter. This is obtained by using the operator
withŌ
or, in the MS scheme,
C MS can be found in refs. [4, 6] .
• Contrary to what is stated in ref. [56] , it is not necessary to first match the lattice operators to the corresponding operators in some continuum renormalization scheme at a low scale µ 0 , with the W integrated out, and then evolve to M W . The reason is that, as demonstrated above, the theory with the W does not require any renormalization when expanded in α s (M W ). Thus we can avoid the introduction of µ 0 and relate directly the bare lattice operators to the full theory. The standard approach to evaluate the theoretical uncertainty, coming from the matching of the lattice to the continuum, is obtained by varying µ 0 and the effective ("boosted") lattice coupling constant, used in the perturbative expansion. We have shown that, indeed, the uncertainty depends only on the effective coupling, since in our formulae µ 0 never appears. One can use the operator O ′ (a) of eq. (59), computed using the non-perturbative procedure of ref. [53] . In this case, the matching can be entirely done in the continuum, so that the large corrections, present in higher orders in the lattice coupling, are eliminated.
The RI renormalization scheme
The details of the renormalization of the operators and of the calculation of the Wilson coefficients in HV and NDR have been extensively discussed in the literature [6] - [8] . Here, we give the main formulae, necessary to renormalize the operators in the RI renormalization scheme. Using these formulae, the reader can obtain the renormalized operators, starting from any regularized version of QCD. The matrix elements of the RI renormalized operators can be combined directly with the coefficients given in tables 4 and 5.
At the end of this section, we will give the practical rules to be followed, in order to obtain the physical amplitudes.
The construction of the renormalized operators appearing in (14) is complicated by their mixing and by the presence of the so-called "effervescent" operators. To simplify the discussion, we start by considering the ∆I = 3/2 (∆S = 2) operator, which, in the absence of "effervescent" operators, renormalizes multiplicatively. The four-fermion ∆I = 3/2 operator mixes at one loop with other ("effervescent") operators, due to the artefacts of the regularization. This problem is common to the continuum and to the lattice cases 9 . The first step is to introduce counter-terms to eliminate this artificial mixing. This can be achieved in many different ways. On the lattice, for (11.80 ± 0.98 ± 0.14 ± 0.35) · 10 −3 (1.27 ± 0.12 ± 0.01 ± 0.02) · 10 −2 C 4 (−3.46 ± 0.29 ± 0.00 ± 0.03) · 10 −2 (−3.57 ± 0.32 ± 0.00 ± 0.01) · 10 −2 C 5 (9.12 ± 0.43 ± 0.03 ± 0.13) · 10 −3 (9.70 ± 0.54 ± 0.03 ± 0.09) · 10 −3 C 6 (−5.28 ± 0.67 ± 0.03 ± 0.18) · 10 −2 (−5.14 ± 0.64 ± 0.03 ± 0.15) · 10 −2 C 7 (0.03 ± 0.01 ± 0.19 ± 0.02) · 10 −3 (0.04 ± 0.01 ± 0.20 ± 0.02) · 10 −3 C 8 (0.73 ± 0.10 ± 0.14 ± 0.07) · 10 −3 (0.69 ± 0.10 ± 0.12 ± 0.07) · 10 −3 C 9 (−8.11 ± 0.08 ± 0.83 ± 0.19) · 10 −3 (−8.18 ± 0.08 ± 0.84 ± 0.19) · 10 −3 Table 4 : Wilson coefficients of the effective ∆S = 1 Hamiltonian in RI for λ * = 0 and 1. The first error comes from the uncertainty on Λ QCD , the second one from that on the top mass. The third error is an estimate of the uncertainty coming from the use of different formulae for the coefficient functions, which are equivalent at NLO order. 27 example, it is obtained by using eq. (59). In dimensional regularizations, the elimination of the unwanted operators is ensured by minimal subtraction of the pole term: the string of gamma matrices, proportional to 1/ǫ at one loop, cancels all "effervescent" contributions [6] - [8] . There is some ambiguity in the subtraction. In eq. (59), one can, for example, subtract all the terms but C L 1 O 1 (a) or, in dimensional regularization, one can subtract any further piece of O(ǫ 0 ) proportional to the original four-fermion operator. The important point is that, after this first step, the subtracted operator O sub is only proportional to the original one. Notice that, at one loop, the coefficients of the "effervescent" operators are independent of the external states and consequently they are gauge-independent, as explicit one-loop calculations show. The independence from the external states ensures the possibility of defining renormalized operators with definite chiral properties, by combining bare and "effervescent" operators in a gauge-invariant way. At this point, we impose the overall renormalization condition to the subtracted four-quark Green function Γ O sub (p), by taking p 2 = µ 2 for all the external legs 10 . Let us define
whereP is a suitable projector operator [6] - [8] and λ denotes the gauge parameter defined in the previous section; Λ 
defines the renormalized operator
Then, one has
where λ * is the gauge introduced in eq. (65) 
Equation (68) has a very simple interpretation: the first term, −r HV,N DR , removes the regularization dependence; the second one, r λ , introduces a dependence on λ * ; r λ depends on the external states but not on the regularization. The ambiguity of the first step, i.e. in the subtraction of the pole term, discussed above, is removed by the term −r HV,N DR , which depends on the subtraction procedure.
Almost all the perturbative lattice calculations have been done in the Feynman gauge, while the Landau gauge is the most convenient one to implement the non-perturbative method of ref. [53] . For this reason, we give the Wilson coefficients for λ * = 0, 1.
In tables 4-7, the coefficients are given at several values of µ, in the RI (λ * = 0, 1), NDR and HV renormalization schemes. We have extended the range of µ, at which the coefficients are computed, up to 10 GeV, so that they can also be used for B-decays. We present separately the error coming from the uncertainty on Λ QCD , on the value of the top quark mass. In computing the coefficients, several expressions, which are equivalent at the order at which we are working, can be used. For this reason, one may find smallish differences (of O(α 2 s )) between our results and those presented in ref. [7] . The third error in tables 4 and 5 is an estimate of these O(α 2 s ) effects, that have been evaluated by using for the Wilson coefficients different expressions which are equivalent at the NLO.
We summarize the RI renormalization prescription 1. Define a subtracted operator by removing the pole terms and the mixing with "effervescent" operators. Any further finite subtraction proportional to the original operator is immaterial. As explained in the LO NLO HV NLO NDR µ = 1.5 GeV C 1 (−4.22 ± 0.65 ± 0.00) × 10 −1 (−3.91 ± 0.51 ± 0.00) × 10 −1 (−3.80 ± 0.55 ± 0.00) × 10 −1 C 2 (11.62 ± 0.38 ± 0.00) × 10 −1 (106.13 ± 0.82 ± 0.00) × 10 −2 (11.95 ± 0.35 ± 0.00
(10.71 ± 0.12 ± 0.00) × 10 −1 (101.88 ± 0.24 ± 0.00) × 10 −2 (11.12 ± 0.14 ± 0.00) × 10 previous section, by working with bare lattice operators, one only needs to eliminate the "effervescent" terms.
2. Impose the renormalization condition (65) to the subtracted operator in a fixed gauge λ * .
3. Take the coefficients from table 4 or 5 (when λ * = 0, 1). Notice that the non-perturbative method [53] cannot be applied in the Coulomb gauge. For other gauges some more analytic work is needed.
In the more complicated case of operator mixing, i.e. mixing between operators belonging to the physical basis, e.g. (15) , one may proceed in close analogy, by imposing that each renormalized operator of the physical basis has non-zero projection only onto itself. For penguin diagrams, we cannot take all external legs with the same momentum. We then choose the convenient configuration of momenta given in fig. 5 (2,4) (4,6) 5f 9 5f 9 5f 9 5f 9 (5,5) − (6,4) 5f 9 5f 9 5f 9 5f 9 (6,5) −2 − (9,9) −7 + 4ln 2 − 7 B-parameters of the relevant operators Since our last study of ǫ ′ /ǫ [11] , no significant progress, in lattice calculations of hadronic matrix elements, has been made. We want, however, to discuss a few points not clarified in our previous papers or raised by other authors.
1. In ref. [32] , for the kaon B-parameter in NDR, they found B K (µ = 2 GeV) = 0.616 ± 0.020 ± 0.017. Using this value and the LO conversion factor, they derive the renormalization group-invariant B K = 0.825 ± 0.027 ± 0.023. For consistency with the present application, since corrections of O(α s ) were included in the lattice calculation, we have to use the NLO expression (60) instead. In this case, one obtains B K = 0.75 as central value. We have thus used B K = 0.75, assuming an error of about 0.15, because of uncertainties coming from the quenched approximation, the scale in the coupling constant, Λ QCD , etc.
2. In the absence of electromagnetic corrections, it is possible to demonstrate (non-perturbatively) that
in any regularization scheme and at any scale µ 11 . The proof consists in showing that, by assuming SU(3) flavour symmetry, the matrix elements π + π 0 |Q 9 |K + ∆I=3/2 and π + π 0 |Q + |K + ∆I=3/2 (Q + = 1/2(Q 1 +Q 2 )) correspond to the same expression, when written in terms 11 Of course, this is true provided that one imposes consistent renormalization conditions. and (B + ) 3/2 in the absence of electromagnetic corrections and isospin breaking effects.
of functional integrals over quark and gluon fields. In the absence of electromagnetic corrections and isospin breaking effects, the same two diagrams as in fig. 6 contribute to both the decay amplitudes. In the presence of SU(3)-breaking effects and of the electromagnetic interaction, which has to be included for consistency with the calculation of the Wilson coefficients, B already been discussed in our previous papers on the same subject [8, 11] (see also ref. [15] ) we only add here a few considerations that may be useful to the reader.
Theoretical predictions of weak decay amplitudes rely on the perturbative calculation of the Wilson coefficients and on the non-perturbative evaluation of the corresponding matrix elements. Even though the two aspects are intimately connected, we discuss them separately.
The Wilson coefficients
The main uncertainties in the evaluation of the Wilson coefficients are due to higher order corrections, which will probably remain unknown for a long time, to the value of Λ QCD , which is taken from experiments, and to the choice of the expansion parameter (i.e. α s ) and of the renormalization scheme. The latter two are also related to the truncation of the perturbative expansion and can be reduced by increasing the scale µ at which the operators are renormalized. It should be noticed that the results found in HV and NDR, for a top quark mass of ∼ 175 GeV, differ by about 22%. In principle, the differences of the Wilson coefficients in the two different renormalization schemes are compensated, at the NLO, by the corresponding differences in the renormalized operators, and hence in their matrix elements. The matrix ∆r connecting the two different schemes (cf. sec. 6 and refs. [4] - [8] ) has, however, quite large elements. This, combined with the cancellations occurring with a heavy top mass, is at the origin of the sizeable difference (although of O(α The larger differences observed in ref. [15] between HV and NDR are due to the fact that the authors changed the coefficient functions without modifying accordingly all the corresponing B-parameters, in particular they kept the values of B 6 and B 3/2 8 fixed.
Matrix elements
The main limitation to an accurate theoretical prediction of ǫ ′ /ǫ does not come, however, from the calculation of the Wilson coefficients, but it is due to the evaluation of the operator matrix elements. We have chosen to work in the framework of lattice QCD for several reasons. Firstly, the matching between the full theory and the effective Hamiltonian can consistently be done at the NLO (or at any higher order). This is not the case of other methods, like for example the 1/N c -expansion. Secondly, the calculation of the hadronic matrix elements of the relevant operators is based on the fundamental theory without extra-assumptions: there are no free parameters besides the quark masses and the value of the lattice spacing, both of which are fixed by hadron spectroscopy. Thirdly, the typical scale at which the operators are renormalized is of the order of the inverse lattice spacing (see sec. 5), which, in current lattice simulations, is relatively high, 1/a ∼ 2-4 GeV. A large renormalization scale, µ ∼ 1/a, reduces the systematic error due to the presence of higher-order terms in the matching procedure, as can be seen from the fact that the NLO corrections are smaller at larger values of µ [11, 15] . Finally, the systematic errors present in lattice calculations (finite volume effects, discretization errors, "quenching", etc.) can be studied and reduced in time, according to the progress realized with the advent of more powerful computers. In spite of the many advantages offered by the lattice approach, the errors in the theoretical predictions are still rather large. This is due to a variety of reasons:
• Almost all the calculations have so far been done in the so-called "quenched" approximation, which consists in neglecting the effects of the virtual quark loops in the numerical simulation. This approximation is a necessity imposed by the present limitation in computer power. The effects of the quenched approximation on the different physical quantities is not known a priori. In ref. [31] , it has been shown that the value of the kaon B-parameter B K , obtained in a full, "unquenched" QCD calculation with staggered fermions, does not differ appreciably from the corresponding one obtained in the quenched case. It should be noticed, however, that the mass of the quarks at which the calculation of ref. [31] was performed is rather large, thus reducing the effects of the quark loops (the quenched approximation can be obtained by sending to infinity the mass of the quarks in the loops).
• Renormalized lattice operators must correspond, in the limit of infinite lattice cut-off, to finite chiral covariant operators, which obey the same renormalization conditions as in the continuum. With few exceptions, lattice perturbation theory is usually used to evaluate the renormalization constants of lattice operators. The problem of mixing with lower dimensional operators requires, however, a non-perturbative subtraction of all power divergences [54] , [58] - [61] . Apart from this special case, the use of perturbation theory, in the computation of multiplicative constants and adimensional mixing coefficients, is well justified, provided that the lattice spacing a is sufficiently small, i.e. a −1 ≫ Λ QCD . However, there is evidence of failures of lattice perturbation theory, resulting from the use of the bare lattice coupling constant α latt = g 2 0 /4π, as an expansion parameter. This failure has been attributed to the presence of "tadpole" diagrams, which appear only in the lattice regularization and are likely to give large corrections in higher order perturbation theory. Several solutions to this problem have been proposed so far [53, 55] , which could hopefully reduce the systematic error induced by the poor convergence of lattice perturbation theory. It remains to be shown that these methods work in the case of the four-fermion operators relevant for ǫ ′ /ǫ.
• In most of the lattice simulations, the π|O i |K matrix elements, instead of the more appropriate ππ|O i |K ones, are indeed computed. The K → π amplitudes are then related to the physical K → ππ ones using current algebra, at lowest order in the chiral expansion. This certainly introduces an error, which on a single matrix element is probably less than 30%. Also in this case, as for the isospin breaking effect mentioned before, the systematic error is amplified by the large cancellations occurring in the final result.
• The crucial B-parameter B 6 has been computed so far (together with B 5 ) only by one group [23, 24] , using "staggered" lattice fermions.
All the attempts to compute B 5,6 using different lattice formulations of QCD, typically using "Wilson fermions", have failed so far. Morevover, the same techniques applied to a similar problem, the ∆I = 1/2 K → ππ amplitude, were completely unsuccessful. It would be more reassuring to have further confirmations of the values of B-parameters computed in refs. [23, 24] .
Conclusions
In this paper we have discussed several theoretical issues, which are relevant to the prediction of ǫ ′ /ǫ and many other weak decays. To our knowledge, the discussion of the matching of the lattice operators to the continuum effective Hamiltonian is new. Sections 5 and 6 contain several useful formulae that can be used in many different applications. With the operator matrix elements from the lattice, one can compute the weak decays amplitudes, using the Wilson coefficients taken from table 4 (5) or 6 (7), with almost no extra effort. The RI renormalization scheme discussed in this paper will become very useful if the non-perturbative method proposed in ref. [53] will succeed in the case of four-fermion operators.
We have also presented an upgraded theoretical analysis of ǫ ′ /ǫ in two different renormalization schemes, NDR and HV . Let us summarize the main results of the present study. Using the information coming from ǫ and 
Moreover, for cos δ > 0, we predict
Finally, we have obtained
as our best estimate. Isospin-breaking effects have been found quite important, because of the large value of m t , and we believe that they deserve further theoretical investigation.
